Schwinger Keldysh field theory is a widely used paradigm to study non-equilibrium dynamics of quantum many-body systems starting from a thermal state. We extend this formalism to describe non-equilibrium dynamics of quantum systems starting from arbitrary initial many-body density matrices. We show how this can be done for both bosons and fermions, and for both closed and open quantum systems, using additional sources coupled to bilinears of the fields at the initial time, calculating Greens' functions in a theory with these sources, and taking appropriate set of derivatives of these Greens' functions w.r.t. initial sources to obtain physical observables. The set of derivatives depend on the initial density matrix. The physical correlators in a dynamics with arbitrary initial conditions do not satisfy Wick' theorem, even for non-interacting systems. However our formalism constructs intermediate "n-particle Greens' functions" which obey Wick's theorem and provide a prescription to obtain physical correlation functions from them. This allows us to obtain analytic answers for all physical many body correlation functions of a non-interacting system even when it is initialized to an arbitrary density matrix. We use these exact expressions to obtain an estimate of the violation of Wick's theorem, and relate it to presence of connected multi-particle initial correlations in the system. We illustrate this new formalism by calculating density and current profiles in many body Fermionic and Bosonic open quantum systems initialized to non-trivial density matrices. We have also shown how this formalism can be extended to interacting many body systems. arXiv:1810.08692v1 [cond-mat.stat-mech] 
The most general problem in non-equilibrium dynamics of quantum many body systems can be stated in the following way: given a many body Hamiltonian H, and an initial many body density matrixρ 0 at t = 0, one needs to find the evolution of the density matrixρ(t). This can then be used to calculate equal and unequal time correlation functions in the system. The information of the full many body density matrix can also be used to construct the reduced density matrix of a subsystem by tracing out remaining degrees of freedom. This leads to calculation of non-local information theoretic measures like entanglement entropy of the subsystem 1 with the rest of the degrees of freedom. In case of an open quantum system, the evolution ofρ(t) is governed by quantum master equations for Markovian dynamics 2,3 and more complicated equations with non-local memory kernels for non-Markovian dynamics [4] [5] [6] [7] [8] . While a lot of progress has been made within this direct approach of solving equation of motion ofρ(t), the method runs into the difficulty of dealing with a Hilbert space growing exponentially with size of the system. Several techniques [9] [10] [11] have been proposed in recent years to reduce the size of the Hilbert space to be considered in the dynamics, with varying amount of success beyond one dimensional systems [11] [12] [13] . Field theoretic techniques have been used extensively to obtain information about quantum many-body systems, both in their ground state as well as in thermal equilibrium at a finite temperature 14 . This approach can be extended to nonequilibrium situations by considering the time evolution of the density matrix. The resulting Schwinger Keldysh (SK) field theory 15, 16 , which involves two sets of fields for each spacetime point, provides a path integral based approach to the nonequilibrium dynamics of quantum many body systems. However, the current formulation of SK field theory has a major drawback: it can only efficiently deal with initial density ma-trices which are thermal (this includes ground states). In this case, the real time path integral is extended into the Kadanoff-Baym contour 17 along the imaginary time axis. The SK field theory is also widely used in describing steady states of quantum systems where the memory of the initial condition is assumed to be erased 8, 18 . But several interesting questions in non-equilibrium dynamics of many body systems, where dependence on initial conditions need to be tracked explicitly, cannot even be posed within this formalism. This severely restricts the applicability of SK field theory. In this paper, we formulate a comprehensive action based field theoretic approach which can explicitly keep track of arbitrary initial conditions and their effect on the quantum dynamics of bosons and fermions. This extends the domain of applicability of SK field theory to a large class of problems hitherto inaccessible to the field theoretic approaches.
Before we describe the new formalism, we would like to point out some important questions/problems in nonequilibrium many body dynamics, where it is important to keep track of the initial conditions explicitly. (i) Quantum computation works on the principle that different initial conditions (inputs) will generically lead to different measurements (outputs) in the system 19 . It is obvious that ignoring initial conditions in problems related to implementation of quantum gates would lead to trivial results. (ii) Discussion of approach to thermal equilibrium and development of quantum chaos 20 in a many-body system requires studying dynamics starting from an initial state far from equilibrium. In fact in a chaotic system, one would expect the dynamics to be extremely sensitive to initial conditions. (iii) Integrable systems 21, 22 and many body localized systems 23 retain memory of the initial state for long times and hence they do not thermalize. To capture this aspect, it is important to construct a description which explicitly takes the initial condition into account. We would like to note that the only experimental evidence 24 for MBL is to measure the residual memory of initial state in the long time dynamics. (iv) There are quantum systems whose long time behaviour changes qualitatively depending on the initial condition, e.g. systems with mobility edges 23, 25 may or may not thermalize depending on the state in which it is prepared. Cold atom systems with strong non-linearity 26 have also been found to reach qualitatively different steady states depending on initial preparation. (v) An interesting class of problems related to thermalization involves solving for the dynamics of open quantum systems (OQS) 2 , where a quantum system can exchange energy/particles with a large reservoir/bath. In the open quantum system set-up, it is interesting to study how the memory of the initial state of the system is being retained in its subsequent dynamics while the external dissipative effect from the baths tries to erase it, as it approaches a thermal equilibrium/non-equilibrium steady state. Interplay of multiple time scales, governing the inherent dynamics of the system and the relaxation coming from the external bath, make this problem particularly interesting. This is not an exhaustive list, but provides some context as to why such a formalism is important to develop.
There have been two major streams of attempts in the past to include arbitrary initial conditions within a field theoretic approach. The first one starts from the Martin-Schwinger hierarchical equation 27 for the one-particle Green's function and then tries to include initial correlations in different ways. In this case one assumes a Dyson equation with a self energy structure, and then modifies the self energy to satisfy initial boundary conditions 28 . There are two main problems with this approach: (i) It assumes that a Dyson equation for one-particle Green's function can be written in terms of an irreducible self energy, which is itself a function of one particle Green's functions, or with additive corrections representing initial correlations. Since Wick's theorem is not valid in a theory with arbitrary initial condition (as we will show from exact expressions in our formalism), it is not clear under what condition this can be done. (ii) Singling out the one particle correlation function does not automatically provide a way to write down equations for higher order correlation functions even in a noninteracting theory 29 which will be evident from our formalism. The second approach, due to Konstantinov and Perel 30 , essentially states that since the density matrix is a Hermitian operator with non-negative eigenvalues, it can always be written as an exponential of some many body Hamiltonian (which can be quite different from the Hamiltonian used to generate dynamics) 17, 31 . One can then use the old Kadanoff-Baym contour, with the dynamics along the imaginary time contour governed by this new "Hamiltonian". However, (i) for a given generic density matrix, finding the "imaginary time Hamiltonian" requires a diagonalization in an exponentially large Hilbert space and (ii) there is no guarantee that the resulting "Hamiltonian" will be local or will only have few-body operators. Then the field theory along the imaginary time contour becomes very hard to implement. Even for systems evolving in real time with a non-interacting Hamiltonian, the arbitrary non-thermal initial state maps the problem into a non-Gaussian field theory along the imaginary time axis of the Kadanoff-Baym contour.
In this paper we will develop a unified action based description of dynamics of many bosons/fermions starting from arbitrary initial conditions. For this, we need to consider a SK field theory in presence of a source, u which couples to bilinears of the initial fields. We note that in contrast to the other approaches 32, 33 , the additional term in the action, taking care of the initial correlations, is still quadratic and do not lead to high order vertices in this theory. This source is turned on only at the initial time, i.e. it acts like an impulse. Various Greens' functions,Ĝ (n) (u) are then calculated in this theory in presence of the source u. The physical correlators, corresponding to dynamics starting from a particularρ 0 , can then be obtained by taking a set of derivatives of the Greens' functions with respect to u and then setting u to zero. The particular set of derivatives to be taken depends onρ 0 . We note that, in this formulation the calculation of the Greens' functions are universal, i.e. they do not depend on particularρ 0 . The information of specificρ 0 is required solely to determine the set of derivatives (w.r.t u) to be taken to obtain the physical correlators.
In this formalism, we are able to construct a set of intermediate quantities,Ĝ (n) (u), which have the structure of "nparticle Green's functions" and are derived from the action (with the source u) in the usual field theoretic way; i.e. Wick's theorem holds for these quantities. One can, for example, construct a diagrammatic perturbation theory forĜ (n) (u) using standard rules of SK field theory. The usual paradigms of obtaining interacting Greens' functions in terms of self-energies and higher order vertex functions are valid for these quantities. These are however not the physical n-particle correlators; we provide a prescription to compute the physical correlators for different initial density matrices from these intermediate quantities.
The key theoretical advance in this formalism is to prescribe a two step process: (i) construction of intermediate quantities where we can apply the well studied structures and standard approximations of SK quantum field theory, and (ii) a prescription to obtain physical correlation functions from them. We would like to emphasize that the above statements are exact even for interacting open quantum systems and do not involve any ad-hoc approximation regarding the initial correlations.
There are some other key advantages of having an action based formalism: (i) all correlation functions can be derived from a unified description by adding linear source fields J to the action and then taking appropriate derivatives w.r.t J. Hence they are all on the same theoretical footing, as opposed to a focus on one particle correlators (ii) The general formalism keeps track of all "n-particle initial correlations". For non-interacting theories it leads to exact answers for physical correlation functions, even for open quantum systems. This is in itself non-trivial since there is no Wick's theorem for physical correlators. This is an advantage from the Konstantinov Perel (KP) formalism, where it is hard to get exact answers even for non-interacting theories starting from arbitrary initial condition. (iii) For interacting theories, it leads to exact expressions on which approximations have to be made for practical calculations. In this case, this formalism pro-vides the most transparent way to understand and make useful approximations. (iv) The action principle provides a way to integrate out degrees of freedom and construct effective theories. Effective theories of dynamics starting from arbitrary initial conditions is a completely unexplored area where there may be new surprises. This may lead to a renormalization group analysis 34 of non-equilibrium dynamics starting from non-trivial initial conditions.
In this paper, we will set up the general formalism, but focus mainly on non-interacting systems (including open quantum systems), where we can make exact statements. We will show the intermediate quantities for which a diagrammatic perturbation theory can be worked out in case of an interacting system, and sketch how that can be done, but we will leave the question of the different approximations and their validity in interacting systems for a future work. We will now provide a guide map for the reader to explore this paper. In section I, we have briefly outlined the structure of the standard SK field theory formalism and set up the notation to be used in this paper. In the next section II, we have explained the main idea behind the extension of the SK formalism to include arbitrary initial condition and introduce the new ingredients of the field theory. In section III, we have explicitly worked them out for a system of Bosons starting from generic density matrix in Fock space. We first consider the pedagogical case of a single Bosonic mode starting from a density matrix diagonal in the number basis and derived the corresponding formalism. We then extend this to a multi-mode system starting with density matrix diagonal in the Fock basis. Finally, we consider the extension to arbitrary initial density matrices with off-diagonal elements in the Fock basis. In section IV, we consider a Fermionic theory. A large part of the derivations of the Fermionic theory follow along lines similar to that of Bosonic theory. In this section, we mainly focus on the modifications required to convert the Bosonic theory to the Fermionic theory. In section V, we focus on calculating multi-particle physical correlators for a system of non-interacting Bosons and Fermions starting from arbitrary initial condition. We show how the Wick's theorem is violated by explicitly computing the corrections to the Wick reconstruction of the two particle physical correlators in terms of one particle physical correlators. In section VI we extended the formalism to the case of a many body open quantum system. We also work out some examples of the above formalism to compute the evolution of densities and currents in many body open quantum systems. Finally, in section VII we sketch the general structure of the interacting theory without going into the details of the approximation strategies.
I. BRIEF REVIEW OF STANDARD SCHWINGER-KELDYSH FIELD THEORY
We start with a brief review of the standard SK field theory 16 , both to set up notations and to provide context for our extension of the formalism. The time evolution of a many body density matrix is given byρ(t) = U (t, 0)ρ 0 U † (t, 0), where, for Hamiltonian dynamics of a closed quantum system, the time evolution operator is
For an open quantum system, U is not an unitary operator in general. In SK field theory, each of U and U † is expanded in a path/functional integral, resulting in the Keldysh partition function for Bosons
where the complex bosonic fields φ + and φ − correspond to the expansion of U and U † respectively, |φ is a many body Bosonic coherent state. The detailed form of S is not relevant for the present discussion. For fermionic systems, a similar expansion with Grassmann coherent states leads to
where ψ ± are the Grassmann fields. Note the additional minus sign in the matrix element, which comes from writing a trace in the Fermionic Fock space as integrals over Grassmann fields. This will be important in the detailed discussion in Section IV. Thus the SK field theory is written in terms of doubled fields in a real time formalism, with a path/functional integral over a contour shown in Fig. 1(a) . It is clear that if the matrix element ofρ 0 can be written as an exponential of a low order polynomial of the fields, one can obtain a standard action based formalism for the dynamics. This can be achieved ifρ 0 is a thermal density matrix corresponding to a HamiltonianĤ 0 containing only a few body operators, i.e.ρ 0 = exp[−βĤ 0 ] (Ĥ 0 does not need to be generator of the real time dynamics; c.f. quantum quench problems). In this case the matrix element can be written as an Euclidean path integral, and the full Z is a path integral over the Kadanoff Baym contour shown in Fig. 1(b) , which extends into the imaginary axis from t = 0 to t = −iβ. We note that for a large class ofρ 0 , the above prescription does not work. We have already articulated the problem with the KP formalism, which tries to cast everyρ 0 into the above mentioned formalism, even as cost of having aĤ 0 with arbitrary n− particle interactions. Clearly a new formalism is required to treat the vast set of initial conditions, which do not lend themselves to simpleĤ 0 . Correlation functions are calculated in SK theory by coupling sources J ± linearly to the fields and taking appropriate derivatives with respect to these sources. For one-particle Green's functions, the doubled field approach leads to redundancies, i.e. the 4 possible Green's functions are not independent. To make this explicit, one works with symmetric and anti-symmetric combination of the fields. For bosons, these are called "classical" φ cl = (φ + + φ − )/ √ 2 and "quantum"
In this case, the quadratic action has the form
We see that S[φ q = 0] = 0, a statement which holds true even when external baths and inter-particle interactions are present to the description. Here G R(A) are the retarded (ad-vanced) Green's function, with G A = [G R ] † , and Σ K is antihermitian. This leads to the following structure in Green's functions,Ĝ
where the Keldysh component G K is anti-hermitian. For fermions, we follow Larkin Ovchinikov transformation,
with the Green's functions showing similar structure as for bosons. Note that for non-interacting theories,Ĝ is obtained simply by inverting the matrix in the action.
One can study the effects of interparticle interactions by adding terms to the Keldysh actions (eqns 3, 4) . For a pairwise interacting system, the added terms are quartic in the fields. For a generic interaction, the problem cannot be solved exactly, but a diagrammatic perturbation theory can be constructed with the matrix of propagators and vertices having cl/q indices along with other quantum numbers. With these changes, standard field theoretic calculations, including nonperturbative resummation of the series can be undertaken in the usual way. The SK field theory then operationally becomes equivalent to the standard field theories with this added 2−component structure.
It is important to note that the retarded Green's function G R (i, t; j, t ) has the physical interpretation of the probability amplitude of finding a particle in state i at time t if it is already known to be in state j at some earlier time t . For non-interacting systems, this is independent of the initial conditions. For interacting systems, this amplitude does depend on initial conditions, since probability amplitude of scattering at intermediate times depend on the distribution functions, which depends on initial conditions. On the contrary, the Keldysh Green's function explicitly keeps track of the initial conditions (e.g. it depends explicitly on the temperature of the initial distribution for thermal cases).
II. STRUCTURE OF THE NEW FORMALISM FOR ARBITRARY INITIAL CONDITIONS
In this section, we will describe the general structure of the formalism which allows us to treat dynamics of a system of Bosons/Fermions starting from an arbitrary initial density matrix. We will focus on the key modifications of the SK field theory required to achieve this, leaving the detailed derivation for later sections. We intend to highlight the fact that several structures, which are taken for granted in standard field theories, do not hold in this case and the ways to get around these difficulties.
We will develop our formalism for a system with large but finite number of degrees of freedom. We will consider the In our formalism, the matrix element of the initial density matrix,ρ0 is written as the derivative of exp[δS(û)], where δS(û) is an added quadratic term in the action which couples to the initial bilinear sourceû. The set of derivatives, L(∂u, ρ0), to be taken, is completely dictated by initialρ0. (b) The Kadanoff Baym contour with an extension along the imaginary time axis, from t = 0 to t = −iβ, in the Konstantinov Perel formalism. In the KP formalism,ρ0 = exp(−βĤ0), with some many body operatorĤ0, is written as a path integral along the imaginary axis. question of taking the continuum limit in terms of the physical correlation functions at the very end. In the new formalism, the matrix element ofρ 0 between coherent states in Eq. 1 and Eq. 2 is written as a polynomial of the bi-linears initial fields. This can be exponentiated by adding to the standard Keldysh action, a term δS, where functions of a source field u, couple to bilinears of the fields only at t = 0. The polynomial can then be retrieved by taking appropriate derivatives of exp[i δS(û)] w.r.tû [ Fig. 1 (a) ]. The detailed derivation of the source function which achieves this will be slightly different for bosons and fermions and depends on the structure of the initial density matrix. These details will be filled in the next sections, and are cataloged in Table I . For both bosons and fermions, the new term can be seen as an addition to the term Σ K in eq. 3 and eq. 4 and maintains the anti-hermiticity property of Σ K . This term can be thought of as a generalized impulse potential felt by the system at the initial time.
The functional integral over the fields can be done first to obtain the partition function Z(u) and the derivative w.r.tû can then be taken on this quantity to get the physical partition function corresponding toρ 0 . On the top of this, sources J which couple linearly to the fields at all times t > 0 can be added to this action, and the functional integrals over the fields performed to yield the partition function, Z(J, u). Note that u and J couple differently to the fields: u couples to bilinears only at t = 0, while J couples linearly at all times. This implies that no cross derivative of any quantity w.r.t u and J survives when all the source fields are set to zero. The Greens' function in presence of u can be calculated by taking appropriate derivatives of Z(J, u) with respect to J, and setting J = 0. For a quadratic theory with action
where
for Fermions, the physical one particle correlation function can be obtained by taking proper derivative of N (u)Ĝ(u), where the normalization N (u) = [Det {−iĜ −1 (u)}] −ζ comes from performing the Gaussian integral, with ζ = ±1 for bosons (fermions), andĜ(u) is the inverse of the matrix in equation 5. WhileĜ(u) is not the physical one-particle correlation function, we will see that it is an important intermediate construction, which has very useful properties and will be used many times in developing the theory. We will call this object the "Green's function in presence of initial source u", since it is indeed the Green's function for the saddle point equations of the action with the initial bilinear source term. We stress once again that this is not the physical one particle correlator of the system. The physical one-particle correlator is now given by,
where L is a differential operator which depends onρ 0 and encodes initial correlations. The different forms of δS, N (u) and L(∂ u , ρ 0 ) for a large class of initial conditions for both bosons and fermions are tabulated in Table I . The detailed derivations are given in later sections of this paper. We can generalize the above procedure to the computation of a physical "n-particle correlator", i.ê
Note that the differential operator L and the normalization N (u) is the same for all order correlation functions.Ĝ(u) and G (n) (u) are derived from the action S(u) using standard SK field theoretic ways, i.e. initial conditions do not play a role in the derivation. Thus,Ĝ (n) (u) can be easily written as a product ofĜ(u) using Wick's theorem. This relationship is violated by the application of the differential operator L(∂ u , ρ 0 ), i.e. G (n) ρ0 can not be written as a product of G ρ0 even for a non-interacting theory. The absence of a Wick's theorem for physical correlators in a non-interacting theory is at the heart of all the complications in constructing physical correlators in interacting theory in terms of non-interacting correlators.
Our formalism bypasses this difficulty by constructinĝ G int (u) andĜ (n) int (u) for an interacting theory. These quantities are obtained by standard SK field theoretic techniques from an action S(u) + S int where S int represents the interparticle interactions. The diagrammatic expansion ofĜ int (u), in terms of in terms ofĜ(u) and the interaction vertices, follow the Feynman rules of the standard SK theory. The series can be resumed in terms of a self-energy Σ[Ĝ(u)] (for a perturbative expansion of Σ) or Σ[Ĝ int (u)] (for a skeleton diagram expansion). Similarly, one can can constructĜ (n) int (u) in terms of in terms ofĜ(u) and higher order vertex functions. All the knowledge from the standard SK field theory and different perturbative or non-perturbative approximations can be used to computeĜ int (u) andĜ (n) int (u). We finally need to compute physical correlators, G
Our formalism thus breaks up the calculation of "n-particle correlators" in an interacting theory starting from arbitrary initial conditions into 2 parts: (i) a universal calculation of G int (u) andĜ int (u). All the dependence on ρ 0 enters in the theory through the last step. We note that there is no approximation made in the construction of the theory, i.e. all statements made above are exact. In the next sections, we provide a derivation of the theory outlined above, pointing out the details of how δS, N and L depending on the statistics of the particles and the initial density matrixρ 0 .
III. BOSONIC FIELD THEORY FOR ARBITRARY INITIAL CONDITIONS
For pedagogical reasons, we will first derive the new formalism for a closed system of a single non-interacting bosonic mode (i.e. a harmonic oscillator) starting from a density matrix diagonal in number basis. While dynamics of this system may seem trivial, we will see the general structure mentioned in the previous section emerge in this simple setting. Further, the derivation and the algebra in more complicated scenario, discussed in later subsections, follow along similar lines, and can be thought of as the extension of this basic theory.
System
Initial Density Matrix
Modification in the structure of the Keldysh field theory to incorporate arbitrary initial density matrix,ρ0 for Bosonic and Fermionic systems: the matrix element ofρ0 is added as a quadratic term, δS(û) in the action, where a function of the initial sourceû couples to the bilinears of the initial quantum fields, φ * q φq for Bosons and ψ * 1 ψ2 for Fermions. N (u) is the normalization of the partition function obtained from the modified action, S + δS(u) and physical correlation functions are obtained by taking the set of derivatives, L(∂u, ρ0), completely dictated byρ0, of N (u)Ĝ (n) (u), whereĜ (n) (u) is the "n-particle Greens' function" in presence of the initial sourceû. For the generic density matrix of a multi-mode system,ρ0 = nm cnm|{n} {m}| with N = γ nγ = γ mγ, ∂ α j β j denotes partial derivative with respect to u α j β j which couples to the j th pair of the fields with indices (αj, βj). In case of Fermions, the set A denotes the set of occupied modes in the initialρ0.
A. Single mode system
Considering the dynamics of a single mode system described by the Hamiltonian H = ω 0 a † a, where ω 0 is the energy of the harmonic oscillator mode. We consider an initial density matrix diagonal in the number basis of a † , i.e.
where |n are number states, and n c n = 1.
The identity which enables us to expenentiate the matrix element ofρ 0 is
One can thus exponentiate the initial matrix element in terms of a source field u coupling to the bilinear of the fields φ * + φ − only at t = 0, at the cost of taking multiple derivatives with respect to this initial source. In the notation of the previous section we have δS(u) = −iuφ * + (0)φ − (0). The set of u derivatives depend onρ 0 and in this particular case, we have L(∂ u , ρ 0 ) = n (c n /n!)∂ n u . Incorporating this in equation 1, we get the source dependent partition function,
Since we are working with a non-interacting system, one can easily show by working with the time discretized version of the matrixĜ(u), that Det(−iĜ −1 ) = (1 − u) 15 . The gaussian integrals over the fields then give
where the normalization factor N (u) = (1 − u) −1 andĜ(u) is given by
We note that setting u = 0 recovers the usual vacuum Green's functions for the theory. Further, the physical partition function
These act as consistency checks for the Keldysh partition function of a closed quantum system.
We take the derivatives of Z(J, u) w.r.t the linear sources J and set J = 0, to define an n-particle Green's function in presence of the source u
Note that other than the normalization (1 − u) −1 , which is kept explicitly for its u dependence, G n (u) is a standard "n-particle Green's function" obtained from a field theory described by an action S + δS(u). We then take appropriate derivatives of G (n) (u)/(1 − u) with respect to u to obtain the physical correlation function for the particular initial densty matrixρ 0 as
Focusing on the one particle Green's functions, we get iG +− (t, t ) = n nc n e −iω0(t−t ) and iG −+ (t, t ) = n (n + 1)c n e −iω0(t−t ) . At this point, it is useful to work in a rotated basis with the "classical" and "quantum" fields,
where G R is independent of the initial source u. It is easy to see that the physical retarded one-particle correlator, G Rρ0 (t, t ) = G R (t, t ) is independent of the initial density matrix (i.e. does not depend on c n ), while the Keldysh propagator
carries the information of the initial distribution a † a 0 .
We now construct a continuum action in Keldysh field theory, in the cl/q basis of the form
correctly reproduces the Greens' function in presence of the source u, i.e. G R (t, t ) and G K (t, t , u). From now on, this is the action we will start with and then add couplings to baths or interparticle interactions, as the case may require, and work out the dynamics of the system. We will finally take necessary u derivatives to get the physical correlators with the correct initial conditions.
To summarize, we have obtained a formalism similar to the one described in the previous section for the dynamics of a single bosonic mode starting from aρ 0 = n c n |n n|. As shown in Table I ,
We now extend this formalism to a multi-mode Bosonic system starting fromρ 0 which is diagonal in the occupation number basis in the Fock space. We will focus on a system with large but finite number of countable modes and develop this theory. We will comment on the continuum limit at the end of this section. Most of the algebra will be similar to the single mode, so we will point out the main differences in this case. We consider a closed non-interacting system with H = α,β H αβ a † α a β , where α, β denote one particle basis states. We consider an initial density matrix diagonal in the Fock basis,
where |{n} = α |n α is a configuration in the Fock space with basis α; e.g. if α indicates lattice sites, then the initial density matrix is diagonal in the basis of local particle numbers. Note that we will not assume that the Hamiltonian is diagonal in the basis α and hence our formalism can track non-trivial dynamics of even a closed non-interacting system. The first task is to find a way to exponentiate the matrix elements ofρ 0 . Using the many body coherent states |φ we have
An analysis similar to the single mode can now be carried out, with the single source now extended to a vector u. Working in the ± basis, the partition function can be written in a form similiar to eqn. 10 with the matrix structure in the space of quantum number α. Here,
In equation 18, we see that the additional u dependent action is given by
To continue the analysis similar to the single mode case, we need to find expressions for Det(−iĜ −1 ), which gives the normalization factor N (u), and the Green's functionsĜ(u). The detailed algebra for analytic expressions of Det(−iĜ −1 ) and G(u) are provided in Appendix A. Here we quote the final answers for both of them. The determinant is given by
where Det[−iG −1 (0)] is an u independent prefactor and can be ignored as in usual field theory, while the u dependent normalization N (u) = α (1 − u α ) −1 has to be kept in the calculations explicitly.
Similarly, one can invert the matrixĜ −1 (u) to obtain (see Appendix for details) the u dependent Greens' functions,
where µ, ν = ±. HereĜ v are the Greens' functions for the dynamics of a system starting from a vacuum state, and is obtained by setting u = 0 inĜ(u). Explicit expressions forĜ v can be written in terms of the eigenvalues E a and the corresponding eigenvectors ψ a (α) of the Hamiltonian:
. The physical one-particle correlator is then given by
Working in the classical-quantum basis, we find that G R ( u) = G v R = G Rρ0 , i.e. the retarded Green's function is independent of u and hence the physical retarded correlator is independent of the initial condition. Similarly we find
and the physical Keldysh correlator
where a † γ a γ 0 is the occupancy of the mode γ in the initial density matrix. In this case all the correlation functions in the classical-quantum basis can be obtained from a continuum Keldysh action of the same form as in Eq. 15, with
One can now start with this action, add a bath or inter-particle interactions, work out the correlators and take appropriate derivatives to construct correlation functions in the physical non-equilibrium system.
To summarize, for a many body bosonic system with an initial density matrix diagonal in the Fock basis,ρ 0 = {n} c {n} |{n} {n}|, we have
We note that it is not easy to obtain the continuum limit of the operator L which is defined w.r.t finite but large number of discrete modes. This stems from the problem of defining a continuum limit of a many body density matrix. However, it is clear from 21 that it is straightforward to take the continuum limit of the physical correlators obtained within this formalism.
C. Generic initial density matrix for multimode systems
We now want to extend our formalism to the case of density matrices which have off-diagonal matrix elements between occupation number states. We will put the following restriction on the class of initial density matrices: if the occupation number state |{n} and |{m} are connected by the initial density matrix, then α n α = α m α , i.e. total particle number in |{n} and |{m} are equal. The density matrix is thus block diagonal in the fixed total particle number sectors of the Fock space. In this case, we can again formulate the field theory in terms of an initial source coupled to bilinears of the fields. We note that this covers almost all density matrices where one can reasonably expect to prepare the many body system. Let us consider an initial density matrix of the form
where c nm = c * mn to maintain hermiticity of the density matrix and n c nn = 1 for conservation of probabilities. The matrix element ofρ 0 between initial coherent states is given by
Now, if α n α = α m α , then one can always pair up each φ * α with a φ β in the above product. While this choice is not unique, we will proceed with a particular pairing and show that our final answers for physical correlators are invariant with respect to permutations leading to different pairings.
In this case the exponentiation of the matrix element ofρ 0 is achieved by
where, (α j , β j ) are the mode indices of the fields forming the j th pair out of total N = α n α /2 = α m α /2 pairs. The vector source for the diagonal density matrix is now replaced by a matrix sourceû with elements u αβ and ∂ αj βj indicate derivative with respect to u αj βj . Following algebra similar to the earlier two cases, we find that we need to add a term to the Keldysh action δS = −i αβ u αβ φ * + (α, 0)φ − (β, 0), and the differential operator used to obtain physical correlators is given by
As before, we are interested in analytical expressions for Det[−iG −1 (û)] and the Green's functions G(û), which are given by
We can now compute the physical Green's functions, G ρ0 , by taking appropriate functional derivatives with respect to u αβ . We find that [see Appendix B for derivation]
where â † δâ γ 0 gives the initial correlations.
After a Keldysh rotation to cl/q basis, we find thatĜ R (û) =Ĝ v R . The Keldysh Green's function, on the other hand, is given by
The physical Green's functions are then given by,
Once again, all the correlation functions in the classical-quantum basis can be obtained from a continuum Keldysh action of the same form as in Eq. 15, with
To summarize, for a many body bosonic system with an initial ,ρ 0 = nm c nm |{n} {m}|, we have
The concludes the derivation of our new formalism which can treat the quantum dynamics of a Bosonic system starting from an arbitrary initial density matrix.
IV. FERMIONIC FIELD THEORY FOR ARBITRARY INITIAL CONDITIONS
In the previous sections, we have developed the Schwinger Keldysh path integral based formalism to study the dynamics of a many body Bosonic system starting from an arbitrary initial density matrix. In this section, we will extend this newly developed formalism to a Fermionic many body system. The basic structure of the theory follows along the similar line to that proposed for Bosons, i.e. corresponding to the matrix element −ψ + (0)|ρ 0 |ψ − (0) in eqn. 2, we have to add a term δS(u) to the standard Keldysh action, where u is a source which couples to bilinears of the Grassmann fields only at initial time. One can then calculate the Greens' functions,Ĝ(u) from the action S(u) + δS(u) and the u dependent normalization N (u) by Gaussian integrals of the Grassmann fields. The physical correlation functions are then obtained by applying appropriate set of derivatives L(∂ u , ρ 0 ), determined by the initial density matrixρ 0 . The derivation of δS(u), N (u) and L(∂ u , ρ 0 ) for a Fermionic theory for different initial conditions is very similar to that of Bosons, with some important changes. We will focus on the distinctions between Bosonic and Fermionic theory, instead of repeating the algebra similar to that in the previous sections.
To extend the new formalism for Fermions, we need to keep track of two major differences between Bosonic theories with complex fields and Fermionic theories with Grassmann fields. The first one is that, in a Fermionic theory, the trace of an operator, written as a functional integral over Grassmann fields, has an additional minus sign from that in the Bosonic expression, as seen in Eq. 2. This is a characteristic of all Fermionic theories. This immediately implies that the matrix element, −ψ + (0)|ρ 0 |ψ − (0) for Fermionic case, which needs to be exponentiated, can be obtained from similar expressions of, φ + (0)|ρ 0 |φ − (0) , derived for the Bosonic theory in previous sections, by the transformationû → −û. The second difference is that the Gaussian integration over Grassmann fields in the Fermionic partition function gives Det[−iĜ −1 (u)] in the numerator as opposed to 1/Det[−iĜ −1 (u)] in the case of Bosons (eqn 11).
We will consider a many body Fermionic system with Hamiltonian H = α,β H αβ a † α a β where a † α creates a Fermion in mode α and an initial density matrix which is diagonal in Fock basis, given in equation 17, where the n α , occupation numbers of the mode α, are restricted to be only 1 or 0 due to Pauli exclusion principle. In this case the matrix element ofρ 0 is given by,
where ψ * is the conjugate to the Grassmann field ψ. Using this, we obtain the Fermionic partition function Z[J, u] in presence of both the sources: Grassmann source J ± coupled linearly to ψ * ± and the real quadratic source u turned on at t = 0 as,
The inverse Greens' function in the Fermionic action is the same as that in the Bosonic action (10), except for the
We perform the Gaussian integration over the Grassmann fields to obtain,
A notable difference between the Fermionic partition function and the Bosonic one is that the determinant Det[−iG −1 ] = α (1 + u α ) appears in the numerator, leading to the normalization, N (u) = α (1 + u α ). It is evident from equation 29, that
A denotes the set of modes occupied in the Fock state |{n} . We find that in the +, − basis, the Fermionic Greens' functionĜ(u) can be obtained from the Bosonic ones by taking u → − u. Working in the rotated basis ψ 1 (2) , we obtain the retarded Greens' function,
again independent of u and the Keldysh Greens' function,
The physical observables are obtained by applying L(∂ u , ρ 0 ) on N (u)Ĝ(u) and setting u = 0, i.e.
To continue working in the rotated 1(2) basis for Fermionic fields, we construct the Keldysh action in continuum in presence of the initial source u. The retarded, advanced and Keldysh Fermionic propagators,Ĝ( u) can be obtained by inverting the kernels in the action 34.
The Fermionic Greens' functions satisfy a large number of constraints reflecting the fact that initial occupation numbers can not be greater than 1. This leads to (∂/∂u γ ) n N (u)Ĝ(u) = 0 | u=0 for any γ and n ≥ 2. The non-interacting Greens' functions derived above explicitly satisfy these conditions. We note that these relations are manifestations of Fermi statistics and should continue to hold for interacting systems as well as open quantum systems. The simplicity of the normalization factor N (u) allows us to write G ρ0 = {n} c {n} γ∈A (1 + ∂u γ )Ĝ(u)| u=0 . This compact relation is useful for practical computation of physical correlators for Fermionic systems.
This formalism can be generalized to the case of generic initial density matrix with off-diagonal elements in the Fock basis, given by eqn. 23 in a way similar to that of Bosons with the modifications mentioned above. We will not go into the details, but provide the answers for the physical one particle correlators here,
It can shown that the generic density can also be treated within the general structure of the theory shown in section II with,
where we use similar notations as used in the Bosonic case.
V. TWO-PARTICLE CORRELATORS AND VIOLATION OF WICK'S THEOREM
In standard field theories, Wick's theorem states that the expectation of a multi-particle operator (i.e. a multi-particle correlation function) in a non-interacting theory (gaussian action) can be calculated as a product of single particle Green's functions, summed over all possible pairings of the operators into bilinear forms. For an interacting theory, this is the backbone of constructing a diagrammatic perturbation theory in terms of single particle Green's functions and interaction vertices, and various non-perturbative resummations that result from this. Throughout this paper we have emphasized that the physical correlators in a dynamics with arbitrary initial conditions are not related by Wick's theorem, even for a non-interacting Hamiltonian. We will illustrate this point in details in this section by considering physical two-particle correlators in non-interacting Bosonic/Fermionic theories. In fact, a major accomplishment of this formalism is to construct Green's functions which satisfy Wick's theorem, and for which standard approximations of field theories can be used.
Our goal is not simply to establish a violation of Wick's theorem, but to characterize and quantify the violation. To this end, we will work in the Keldysh rotated basis ((cl, q) for Bosons and (1, 2) for Fermions), where the initial condition dependence of the one particle correlators is more streamlined. Any physical two particle correlatorĜ (2) ρ0 can be written in terms of the corresponding "two-particle Green's function in presence of source",Ĝ (2) (u) through Eq. 7. To illustrate the violation, we will focus on a multi-mode system starting from a density matrix diagonal in the Fock basisρ 0 = {n} c {n} |{n} {n}|; in this case,Ĝ
As we have emphasized before,Ĝ (2) (u) is related to the one particle Green's functionsĜ(u) through Wick's theorem, i.e. G (2) ρ0 ∼ G a,ρ0 G b,ρ0 , i.e. this part of the physical 2-particle correlator can be written as a Wick contraction over the physical retarded or advanced one-particle correlators. We can now consider the case where one, but not both of a, b is the Keldysh Green's function. In this case, G R(A) is independent of u, L acts on N (u)G K (u) to give G K,ρ0 , and once again Wick contraction in terms of physical correlators work, i.e. for this part we also get G
The violation of Wick's theorem comes from the pairing where both single particle Green's function are Keldysh propagators. For a non-interacting system,
Using this, we can write for Bosons
and for Fermions we get
For a single Fock state, where the {n} is redundant, we note that the first term with (2n x + 1)(2n y + 1) can be written as G Kρ0 G Kρ0 , i.e. this part corresponds to a Wick contraction with physical G Kρ0 . In this case the term with δ x,y contains the connected density correlations in the initial state and leads to a violation of Wick's theorem. For a generic diagonal density matrix, both terms lead to violation of Wick's theorem, since even for x = y, the connected density correlations in the initial state is non-zero. The expressions for Bosons and Fermions can be written in a compact notation in terms of initial correlations in the system,
wheren x is the number operator in mode x, and 0 indicates expectation with the initial density matrix. Writing the above expression in terms of a Wick' theorem and a correction term, we have
0c indicates connected expectation value in the initial density matrix. We thus see that the violation of the Wick's theorem can be directly tied to the presence of two particle connected correlations in the initial state of the system.
The above calculation can easily be generlized to multi-particle correlators. The Wick's theorem violating terms would come from having multiple G K in the product decomposition and comes from presence of connected correlations in the initial state. We refrain from adding explicit expressions, since the algebra becomes cumbersome, even for 3-particle correlators.
VI. OPEN QUANTUM SYSTEMS WITH ARBITRARY INITIAL CONDITIONS
In the previous sections, we have developed a formalism based on Keldysh field theory to deal with closed systems starting from arbitrary initial conditions. In this section, we will extend this formalism to study the dynamics of a many particle open quantum system. Here, we will consider a non-interacting many body system of Bosons/Fermions coupled to multiple Bosonic/Fermionic baths. The baths themselves are non-interacting systems and the system-bath coupling is bilinear in their respective degrees of freedom. At t = 0, the density matrix of the combined system,ρ 0 =ρ 0S ⊗ρ 0B , whereρ 0B is a thermal density matrix of the bath with temperature T and chemical potential µ, whileρ 0S is an arbitrary density matrix of the system. The system bath coupling will be assumed to be turned on through an infinitely rapid quench at t = 0. For t > 0, we trace out the bath degrees of freedom and study the effective dynamics of the system. The The effect of the bath can be captured through self-energies corrections,Σ B to the one particle Greens' functions of the system.Σ B is controlled by the bath spectral function J (ω) 7, 8 , which depends on the bath density of states and the system bath coupling, and the one particle distribution function of the bath. Working in the Keldysh rotated basis, the effective action for the Bosons (Fermions) can be written in terms of the inverse Greens' functions given byĜ −1 (α, t, β, t , u) =Ĝ −1 s (α, t, β, t , u) −Σ B where,Ĝ −1 s (α, t, β, t , u) corresponds to the action of the closed system with the initial sourceû, discussed in previous sections. The matrix self-energyΣ B has the structure,
where Σ B R = Σ B † A incorporates the dissipative effects of the bath, while Σ B K incorporates the stochastic fluctuations due to the bath. Σ B R and Σ B K involves the bath Greens' function at t > 0 and are independent of the initial source u which encodeŝ ρ 0S . We assume that attaching the system to the bath does the change the correlation functions of the bath. Thus, although the time translation invariance is broken in the problem by sudden quench of the coupling to the bath at t = 0, the bath induced self-energies are still function of (t − t ).
The physical retarded correlator of the OQS is still independent of the initial condition of the system,ρ 0S , and is given by,
which is once again a function of (t − t ) 7 . The information ofρ 0S is carried by the physical Keldysh correlation function,
whereĜ s Kρ0 has the structure of physical Keldysh correlator discussed earlier (eqns. 21, 27, 37, 33) with G v R replaced by G O R . We note thatĜ s Kρ0 carries information about initial condition and is not a function of (t − t ). This, along with integration limits in the second term break the time translation invariance of the physical observables.
We now illustrate the potency of this formalism by studying the dynamics of current and density profiles in Fermionic/ Bosonic OQS initialized to specificρ 0S . We consider a system of Bosons/Fermions hopping on a 1D lattice of N sites with nearest neighbour tunneling amplitude g. Each site l of the lattice is coupled to the first site of a semi-infinite The current shows a maximum at the center at short times. At long times, system settles to a density profile decreasing from left to right, governed by the chemical potential gradient in the baths. We use g = 1 to set the unit of t.
1D Bosonic/Fermionic bath kept at fixed temperature T l and chemical potential µ l with the same coupling strength . The baths are modeled by simple hopping Hamiltonian with the hopping strength t B . The total Hamiltonian of the system (H s ) , the baths (H b ) and system bath interaction (H sb ) are then given below 8 ,
where b l s is the annihilation operator of the s th site of the bath connected to l th site of the system. This kind of semi-infinite bath model yields a bath spectral function J (ω), which has a square-root derivative singularity at the two band edges, ω = ±2t B ,
This is a minimal model of non-Markovian dynamics of the OQS induced by non-analyticities in the bath spectral function. The motivation for choosing this model is two-fold: (i) to show that our formalism can easily treat non-Markovian dynamics of OQS and (ii) this is an ideal case to study the effects of the initial condition, since the system retains memories over long timescales.
In this case, analytical solutions for the bath induced selfenergies, Σ B R/K (α, β, ω), and the retarded Greens' functions, G O R (α, β, ω) are known in the literature 8 . Even for a system starting from particular initial condition, it has been shown in Ref. 7 that G O R (α, γ, t − t ) can be obtained by suitable a Laplace transform. The inherent non-Markovianness of the model is manifested as power law kernels, ∼ (t − t ) −3/2 in Σ B R (α, β, t − t ) and Σ B K (α, β, t − t ). This leads to an initial exponential decay in G O R (α, β, t − t ), followed by a long time power law tail ∼ (t − t ) −3/2 , appearing at a time scale ∼ t B / 2 , which have been explored in great details in Ref [8] .
In this section we will compute the density and current profile of the OQS using the physical Keldysh correlator given in eqn. 46. The density at site l and the current on the link between the sites l and l + 1 sites are given by,n
. We first consider a system of Bosons where Bosons are hopping on a N = 10 site lattice. We initialize the system in a Fock state with a density profile linearly increasing from left to right, i.e n l = l, shown in Fig. 2 (a) . We set-up a chemical potential gradient in the baths along the length of the chain, µ l = µ 1 + ν(l − 1), keeping the temperature same for all baths. This choice of chemical potential gradient sets up a density profile monotonically decreasing from left to right in the steady state with an associated finite current in the system. Our initial profile thus ensures a non-trivial dynamics in the system. We choose the system bath coupling strength to be in the under-damped regime, i.e. /g = 0.35 << 1, so that we can study the interesting transient dynamics of the OQS. The other parameters are chosen to be t B = 2g, T l = 1, µ 1 = −4.05g and ν = 0.6g. The change in the density profile is plotted in Fig. 2(b) . We find that the density at the central point does not change with time, while the density profile executes a see-saw type motion with the central site as a fulcrum; i.e the density varies linearly with the separation from the center, with slope undergoing oscillations with a time period ∼ 1/g. The oscillations are damped out on a decoherence time scale ∼ t B / 2 , beyond which the density profile has a steady slope, set by the gradient in the bath. The pivoting around the central site leads to a pilling up of current near the center, [∂n/∂t ∼ ∇. I], of the lattice in the transient phase, as seen in figure 2 (c) . The current flips sign as the slope of the density profile oscillates, reaching a steady profile exponentially decreasing with distance in the long time limit.
We next consider spinless Fermions hopping on a 1D lattice of N = 20 sites. We first consider an initial Fock state, where the left half of the lattice is occupied by particles, while the right half of the system is empty, creating a domain wall in the middle of the lattice. This configuration, shown in Fig 3 (a) , can be represented by |{n} with n l = Θ(11 − l). The Fermionic bath parameters are fixed to T l = g and µ l = −4.05g and = 0.2g, i.e there is no inhomogeneity in the bath parameters. The dynamics of the system is governed by that of the initial domain wall in the center. The density profile for this dynamics is shown in Fig.  3 (c) as a color-plot. At short times, there is no change in density far from the center. The domain wall moves from the center towards both ends ballisticaly with a timescale 1/g. After the domain wall reaches a particular position in the lattice, the density at that site starts oscillating in time, leading to the characteristic wedge shape, seen in figure 3(c) at short times. The reflection of the waves from the boundary gives rise to the diamond shape structure at intermediate times. In figure  3(d) , we see that the local current remains zero in the wedge shaped region where the domain wall has not reached. The current rises to a fixed value at the edge of the wedge and its magnitude remains almost constant over a diamond shaped region in the (l, t) plane. Interference between the wave reflected from the boundary and the outgoing wave leads to a rapid decrease of the current. The current flips sign and forms another diamond shaped region in the (l, t) plane. Beyond the time scale ∼ t B / 2 , the current goes to zero and the density profile attains its steady uniform value dictated by the chemical potential in the bath.
We now consider the same Fermionic system initialized to a different density matrix. We consider 2 Fock states, with one states given by the domain wall profile shown in Fig. 3 (a) (i.e. the initial state with the domain wall at the center). The second state is obtained from this state by hopping the particle at site 10 to the site 11, resulting in a configuration shown in Fig.  3 (b) . Let us call these states | {n} and | {m} respectively. We will consider a general 2 × 2 initial density matrix in the qubit space, spanned by these two states of the form,ρ 0S = a |{n} {n}|+(1 − a) |{m} {m}|+[ib |{n} {m}|+h.c.]. We note that the positivity of the eigenvalues ofρ 0S demands |b| 2 ≤ a (1 − a). When b is finite, the system has a non-zero current on the central link. We first consider the system with b = 0, and plot the current on the central link as a function of time in Fig 3 (e) . In this case, the current is initially expected to rise for a > 1/2, since there is more density at l = 10 than at l = 11, and to fall in value for a < 1/2 (note that the current from right to left is considered to be positive in our notation). This is indeed observed as a is varied from 1/4 to 3/4 in Fig. 3 (e) . We note that the amplitude of the oscillations of the current decreases with increases in a. In Fig. 3 (f) , we plot the current at a link l = 5 far from the center. We see that the current rises after a finite time, as discussed in the previous case. We also find that changing a from 1/2 to 3/4 causes minor changes in the current, i.e. the changes in the initial conditions mainly affect the dynamics in the center of the lattice. We now consider an off-diagonalρ 0S with a fixed to 1/2, and change b from 0 to 1/2. The current in the central link is plotted in Fig. 3 (g) , while the current in the link far away (l = 5) is plotted in Fig. 3 (h) . The key difference in seen in Fig. 3 (g) , where the current in the central link starts from a finite value, governed by b. The subsequent dynamics is almost independent of b in all cases.
VII. INTERACTING SYSTEMS
In the previous sections, we have built up a field theoretic formalism to describe the dynamics of quantum many body systems starting from arbitrary initial conditions. We have also extended this formalism to the case of open quantum systems. However, till now, we have only looked at non-interacting systems (quadratic or gaussian field theories), where we can solve the problem exactly and the question of calculating a correlator is reduced to evaluating one or a few integrals. In this section we finally tackle the question of applying our formalism to the dynamics of interacting quantum many body systems starting from an arbitrary initial condition.
In this case, we start by adding to the quadratic Keldysh action with the initial bilinear source, S[u], a term S int , representing the interaction between particles. We then consider the field theory controlled by the action S = S[u] + S int , and calculate Green's functionsĜ
has a diagrammatic expansion in terms of the non-interacting Green's functionsĜ[u] and the interaction vertices of a standard SK field theory. The details of this construction depends on the form of S int , but the Feynman rules for computing the diagrams are exactly similar to that of a SK field theory, with u dependent propagatorsĜ [u] .
The diagrammatic perturbation theory for the Green's functions work well at short times, but one needs to resum the series or part of it to all orders to obtain an accurate description of the long time behaviour. This is a general characteristics of perturbation theories and has nothing to do with arbitrary initial conditions. This is where our formalism has an advantage: the standard resummation techniques known in field theories apply to G 
where the irreducible self energy can be constructed diagrammatically in perturbation theory. One can also use a skeleton expansion in terms of Σ(G int [u]), or resum a class of diagrams as in a RPA expansion; in other words one can bring the full force of accumulated knowledge of such approximation schemes to bear down on the problem of calculatingĜ int [u]. Similar constructions are possible for higher order correlation functions in terms of higher order vertex functions.
We will not go into any particular approximation in this paper since the validity of different approximations are both model dependent and parameter dependent. We will take this up in a future work. It may seem that applying a large number of derivatives (equal to no of particles) through L will be a daunting task in the case of thermodynamically large interact- ing systems, specially for resummed approximations, where G int [u] may only be known apprximately, or even numerically. We will not provide a complete solution to this problem here, but indicate a way forward. We will consider the system to initially be in a single Fock state. The generalization to arbitrary density matrices can be done suitably. For a fermionic system, starting in a Fock state |{n} , where the set of occupied modes are denoted by A, we can write 
where A is the set of modes with at least 1 particles. For a thermodynamically large system, there are two possible practical approximations to treat the derivative expansion: (i) truncate the series or (ii) resum this series by assuming factorization of correlation functions of higher order. We will not go into the relative merits of these different approximation strategies, and leave this as a topic of future studies on this subject.
VIII. CONCLUSION
In this paper, we have formulated a field theoretic description of dynamics of a quantum many body system (Bosons and Fermions) starting from an arbitrary initial density matrix. We have shown that the matrix element of the density matrix can be approximated using a source which couples to the bilinears of the fields only at initial time, i.e by adding an impulse term to the original SK action. The Greens' functions can be evaluated in this theory as a function of the addition sourceû. The physical correlation functions can then be obtained by taking an appropriate set of derivatives of the Greens' functions w.r.t the initial source and setting the sources to zero. The initial density matrix only governs the particular set of derivatives to be taken. Our formalism thus breaks up into two parts: (i) calculation of Greens' functions in presence of a bilinear source, where the hierarchy of Greens' functions satisfy Wick's theorem and the standard SK field theoretic techniques can applied to compute them, (ii) taking a particular set of derivatives, which depend on the initial conditions. We extend this formalism to open quantum systems and calculate evolution of density and current profile in Bosonic OQS. We calculate the exact expressions for physical one-particle and two-particle correlators in a noninteracting system and characterize the violation of Wick's theorem, relating it to the connected to particle correlations in the initial state. We have briefly sketched how our formalism can be extended to interacting systems. The biggest challenge that we have not addressed here are strategies to obtain reasonable approximation schemes which are controlled in particular limits. The issue of making conserving approximations which are valid at long times (i.e. no perturbation theory for physical correlators) is one of great importance which we hope to address in a future work.
can be written as, 
Similar arguments will apply to the other components as well which will lead to equation for G µν (α, t; β, t ; u) in the main text.
Appendix B: Generic density matrix
Green's functions
The physical Green's function is given by
where G(û) is given by eqn. 25. The first term in G(û), the vacuum Green's function part, is independent ofû and the just goes out of the above derivatives. For the second term, we need to evaluate
We shall calculate the derivatives below. Again defining A = 1 −û, we have
After substitutingû = 0, the first line of eqn. B3 gives
which cancels the contribution from [−1] γδ part in eqn. 25 exactly. To get an intuition for how to deal with the rest of the terms, let us focus on the first term in the second line of eqn. B3,
where P is now understood to be a permutation on N labels that fixes β 1 , that is, P (β 1 ) = β 1 , and the matrix element has only α i 's and β i 's for i = 2, . . . , N . The other terms in the sum can now be determined using the symmetry arguments using before in calculating the partition function. We could start our analysis with the states |α 1 · · · α N = |Q(α 1 ) · · · Q(α N ) and |β 1 · · · β N = |R(β 1 ) · · · R(β N ) , where Q and R any permutations, because nothing physical depends on this choice. Using these new labels, the above equation would give us
= δ γα 1 δ β 1 δ P P ( β )| α = δ γα k δ β l δ P P (Q( β))|R( α) = δ γα k δ β l δ P P ( β)| α , (B6) where, there exist k and l such that Q(α 1 ) = α k , R(β 1 ) = β l , and the vectors α and β do not contain α k and β l respectively. Also, P runs over all permutations that fix β l .
It is not hard to convince oneself that all the terms in eqn. B3 are of the above form for different choices of Q and R. For example, the second term in the second line, d 2 A −1 d N d N −1 · · · d 3 d 1 det A −1 , corresponds to k = l = 2, whereas the sum
[that is, the sum of all terms with d 1 and d 2 being the first and last derivatives to act on A −1 ] corresponds to k = 2 and l = 1. Hence, the LHS of eqn. B3 reduces to the following expression in occupation number basis,
The expression in eqn. B2 can then be written as an expectation value in the initial density matrix,
Substituting this result into eqn. B1 gives the physical Green's functions in the main text,
